Introduction {#Sec1}
============

The stiffness of a tissue, or its ability to resist deformation when subjected to an applied force, is associated with the structure of the extracellular matrix, a dynamic and biological aggregate of macromolecules that help to regulate the phenotype, expression, and differentiation of embedded cells. Abnormal stiffening or softening of tissue is often a functional hallmark of the pathologic, regenerative, or aging state in most organs in the body, including stiffening in liver fibrosis^[@CR1]^ and developed tumors^[@CR2],[@CR3]^, or softening in early development and invasive cancer cells^[@CR4],[@CR5]^. The ability to capture the health and structure of a tissue, manifesting as microscale stiffness, represents a potential functional imaging biomarker with significant clinical utility for diagnosis of disease and repair.

The stiffness of tissues often changes during degeneration or pathology. In the articular cartilage lining the bony ends in our joints, softening and volumetric loss is a hallmark of osteoarthritis (OA), a degenerative joint disease that affects millions of people in the United States alone^[@CR6]^ that often leads to pain, disability, and total joint arthroplasty. An unmet medical challenge is the diagnosis of early OA^[@CR7]^, when emerging disease-rectifying therapies may be most effective^[@CR6],[@CR8]^. However, conventional diagnostic methods for OA are largely insensitive to subtle morphological changes, and only reliably detect advanced OA^[@CR9]^. Bulk softening of articular cartilage, attributed to the structural deterioration of the superficial collagen network, altered permeability, and depletion of proteoglycan content, has been linked to early degeneration in OA^[@CR10]--[@CR13]^. Local structural changes in the tissue, such as cartilage degradation differences through the (zonal) thickness, and among regional (e.g. anterior/posterior or load-/non-load-bearing) locations, present an opportunity to noninvasively probe tissue mechanical function and stiffness via imaging. Functional monitoring may be conducted spatiotemporally, especially between superficial and middle zones of cartilage, and may further assist in the design and *in situ* monitoring of engineered constructs post implantation^[@CR14]^. Unfortunately, no conventional methods exist that enable noninvasive stiffness measurements of cartilage within the intact joint space.

Elastography provides a spatial map of mechanical quantities, including strain fields and elastic properties, using noninvasive (e.g. often imaging-based) tools to assess intra-tissue mechanics. Current elastography methods based on ultrasound, such as ultrasound elastomicroscopy^[@CR15]^ or indentation^[@CR16]^, and high-frequency ultrasound^[@CR17]^, have demonstrated the ability to measure mechano-acoustic properties of *ex vivo* cartilage and revealed its relationship with tissue degradation. However, the weak scattering signals obtained from cartilage and the significant attenuation of the high-frequency ultrasound remains a challenge for imaging within intact joints^[@CR7]^. Traditional magnetic resonance elastography (MRE), which is accomplished through synchronized imaging with shear wave excitation^[@CR18]^, is able to map the mechanical properties of cartilage explants *in vitro*^[@CR19],[@CR20]^. However, due to the large attenuation of high frequency waves required to probe stiff cartilage (Fig. [1](#Fig1){ref-type="fig"}), and limitations of current gradient systems to encode high frequency waves, it is still unclear whether shear wave-based MRE can be used to access cartilage deep within an intact joint or have sufficient spatial resolution to differentiate the thin cartilage (of 1\~2 *mm* mean thickness) from the underlying subchondral bone of the articular joint^[@CR21]^. In addition, unknown (force, displacement) boundary conditions of contacting tissues in the body further complicate measurements. For example, analysis of a separate musculoskeletal tissue, the nucleus pulposus in the intervertebral disc of the spine, demonstrated that shear properties were highly dependent on boundary and preload conditions, chosen frequency range, and wave signal-to-noise ratio (SNR)^[@CR22]^. Similarly, articular cartilage contacts numerous complex (e.g. cartilage-cartilage, cartilage-meniscus, cartilage-bone) boundaries within the native joint space, variable stiffness and preload properties, and consequently reliable elastography strategies are unclear.Figure 1Finite deformation elastography workflow based on image acquisition and topology optimization. (**A**) Increased tissue stiffness demands high shear wave frequency in conventional MRE^[@CR57]^. Instead, we use cyclic loading during MRI to enable large deformation imaging of stiff materials like cartilage. (**B**) Experimental setup of indentation test and undeformed and deformed morphology images; (**C**) dualMRI measured complex data from deformed tissue to extract phase maps that scale directly to displacements. Volume images were used to establish 2D and 3D mesh models. (**D**) Topology optimization was able to reconstruct a complex (e.g. bilayer) stiffness configurations by minimizing the difference of displacement between initial model and input (e.g. experimental) model.

In order to directly measure displacement- and strain-based elastography in joint cartilage, we exploit a technique developed in our laboratory termed dualMRI (displacements under applied loading by MRI), which measures tissue deformation under exogenous mechanical loading^[@CR23],[@CR24]^. Unlike high-frequency shear wave propagation in MRE, dualMRI utilizes physiological magnitudes of mechanical loading to mimic the walking cycle (e.g. compression magnitude and frequency) and ensure the mechanical stimuli propagate through the cartilage to closely mimic *in vivo* conditions. By acquisition and analysis of phase contrast data, displacements and strains can be computed with precision on the order of 11 μm and 0.1%, respectively, i.e. approaching the cellular scale^[@CR25]^. dualMRI has been applied to investigate the strain pattern of human articular cartilage *in vivo*^[@CR26]^, explanted human and bovine cartilage^[@CR25]^, and intact joints and intervertebral discs^[@CR27]^. Compared to shear wave based MRE, elastography that utilizes finite deformations imaged by dualMRI does not require wave propagation and specialized gradient coils, and therefore provides a means to study stiff cartilage.

Our objective was to establish and test a workflow, termed *finite deformation elastography*, to quantify stiffness in tissues and biomaterials, with a particular emphasis on articular cartilage and analog hydrogels and biomaterials. We utilize a new combination of dualMRI and topology optimization to provide a general framework capable of broad applicability in numerous materials, and in two- and three-dimensional (2D/3D) configurations of material complexity and heterogeneity. We describe development, validation, and application of steady-state, physiological-magnitude cyclic loading to extract the displacements, followed by inverse modeling to estimate relative stiffness maps.

Results {#Sec2}
=======

Finite deformation elastography, based on dualMRI and topology optimization, allowed for inverse calculation of stiffness in cartilage tissues and biomaterials (Fig. [1](#Fig1){ref-type="fig"}). Image acquisition was performed in 2D or 3D to provide spatially complex input data. When combined with boundary conditions, topology optimization allowed for reconstruction of stiffness maps under ideal (noise-free) conditions (Fig. [2](#Fig2){ref-type="fig"}), and with increasing noise levels and material complexity (Fig. [3](#Fig3){ref-type="fig"}).Figure 2Validation of stiffness reconstructions in complex materials and simulations. (**A**) Stiffness calculation results from ideal displacement with normally distributed noise. (**B**) Stiffness calculation results with standard deviation at different level of noise added; (**C**) Sensitivity values of different factors by Cotter's method, which identified MRI noise level and smoothing, or the quality of fundamental image data as factors most impacting stiffness measurements. (**D**) Stiffness reconstruction results were robust to inclusion of complex stiff/soft inclusion representative of tissue defects and heterogeneity. (**E**) Bilayer stiffness was reconstructed from displacement in a 3D cylindrical indentation model.Figure 3Stiffness reconstruction in multilayered biomaterials. (**A**) Stiffness reconstruction results from bilayer agarose hydrogels with different configurations, including soft over stiff (2% over 4%) gels, and stiff over soft (4% over 2%) gels. (**B**) Stiffness reconstruction results from bilayer PDMS gel in three dimensions.

Error analysis and sensitivity {#Sec3}
------------------------------

The inverse modeling successfully reconstructed the stiffness distribution defined in the forward simulation (Fig. [2A](#Fig2){ref-type="fig"}). With the normally distributed error of standard deviation 0.1 *mm* added to the ideal displacement, similar to noise observed in MRI data, the algorithm was still able to reconstruct a bilayer pattern. Moreover, the stiffness calculation was robust to increasing noise levels from the MRI acquisition (Fig. [2B](#Fig2){ref-type="fig"}). The defined (2:1) stiffness ratio between two layers decreased as the noise level approached 50%, and the stiffness values in each layer exhibited increased scattering. The objective function corresponding to each noise level decreased with iterations, indicating that the difference of displacements between experiments and simulation was minimized.

The results of the sensitivity analysis, using Cotter's method, demonstrated that the noise and smoothing technique were the most important (concerning) parameters (Fig. [2C](#Fig2){ref-type="fig"}). This emphasized the necessity to improve the SNR of dualMRI and utilize best smoothing techniques to filter the displacement input. One manner to improve the SNR is by increasing the number of averages over which an experiment is repeated. As presented in (Fig. [2C](#Fig2){ref-type="fig"}) right panel, increasing the number of averages from 4 to 16 reduced the standard deviation of dX and dY from 0.2 *mm* to 0.1 *mm*. For the smoothing technique, as opposed to Gaussian smoothing, which altered the gradient at the edges for thin masks, LOWESS smoothing did not exhibit a systematic bias, allowing for visualization of through-thickness displacement patterns which reflect cartilage-cartilage contact^[@CR28]^ (Supplemental Fig. [1](#MOESM1){ref-type="media"}). Interestingly, the use of different constitutive laws, including linear elastic, or Neo-Hookean or Mooney-Rivlin solids, indicated minimal influence on the stiffness values (Supplemental Fig. [2](#MOESM1){ref-type="media"}).

Stiffness distributions were reliably reconstructed in materials with complex stiffness abnormalities, including (stiff) circular inclusions, gradients of elastic properties, or soft, slender inclusion (Fig. [2D](#Fig2){ref-type="fig"}). Additionally, though the structural mesh in the base model was different from the input displacement map, we observed that the method was able to interpolate the meshes and reconstruct the stiffness distribution. Our approach was also validated in three-dimensional loading configurations with a defined 2:1 (top:bottom) stiffness ratio (Fig. [2E](#Fig2){ref-type="fig"}). Finally, Monte Carlo simulations revealed a relative stiffness bias of 0.092 and precision of 0.066. An average bias map showed elevated values at the interface of this bi-layer structure and at the bottom where boundary was fixed (Supplemental Fig. [3](#MOESM1){ref-type="media"}).

Stiffness reconstruction of bilayered gel materials {#Sec4}
---------------------------------------------------

Stiffness distributions were reconstructed in bilayer hydrogels and silicone materials, in both 2D and 3D (Fig. [3](#Fig3){ref-type="fig"}). We consistently documented increased stiffness in regions of higher agarose concentrations. We calculated the stiffness ratio between the top and bottom layers and rescaled them as 1:2.0 for the 2%:4% (top:bottom) layered hydrogel, and 3.1:1 for the 4%:2% layered hydrogel. We additionally demonstrated reconstruction of cylindrical (volumetric) stiffness based on 3D MRI displacement data. However, we observed stiffness artifacts (aberrant values) arising from dualMRI near the edges (Supplemental Fig. [4](#MOESM1){ref-type="media"}), and proposed two solutions to overcome potential problems (Fig. [3B](#Fig3){ref-type="fig"}). In one solution, the entire data space is used with the addition of a larger filter radius. In a second solution, the artifact regions were removed to create a partial model with boundary conditions defined at new edges. As it has been demonstrated with ideal forward simulation displacements (Fig. [2E](#Fig2){ref-type="fig"}), the bilayer cylinder was successful restored with both methods.

Elastography in articular cartilage within intact tibiofemoral joints {#Sec5}
---------------------------------------------------------------------

We were able to further calculate stiffness values within the articular cartilage of intact tibiofemoral joints (Fig. [4](#Fig4){ref-type="fig"}). In an intact porcine joint (Fig. [4B](#Fig4){ref-type="fig"}), while the maximum displacements in the loading direction (dY) were greatest in the superficial region of femoral cartilage, the relative stiffness in the superficial zone was observed to be stiffer than middle or deep cartilage zones (nearer to subchondral bone). In sheep joint cartilage, a stiffer superficial layer was also observed in the tibia cartilage, compared to middle or deep zones (Fig. [4C](#Fig4){ref-type="fig"}). We observed a decrease in *T*~2~ values in the superficial region that corresponded to regions of elevated stiffness (Fig. [4D](#Fig4){ref-type="fig"}). We additionally note that the values for transverse relaxation time *T*~2~ are very sensitive to water content in cartilage^[@CR29]^.Figure 4Stiffening of the articular cartilage surface zone within intact tibiofemoral joints under cyclic loading. (**A**) Experimental setup of knee joint loading within an MRI system. (**B**) A juvenile porcine knee joint was loaded to noninvasively measure displacements and calculate relative stiffnesses. (**C)** An adult sheep knee was loaded to measure displacement and stiffness of cartilage, revealing increased stiffness at the articular surface. (**D**) *T*~2~ value in cartilage before and after loading supported the increased stiffness measurement, and indicated water depletion and cartilage densification that likely occurred during cyclic loading before (preconditioning) and during image acquisition.

Discussion {#Sec6}
==========

The purpose of this study was to develop *finite deformation elastography*, a hybrid of magnetic resonance imaging and topology optimization, to investigate stiffness heterogeneity, including spatial gradients and inclusions, in soft tissues and biomaterials. To solve for stiffness distribution from displacement fields, inverse methods based on a complete understanding of the equivalent forward simulation was required. The forward elasticity problem was usually described by numerical techniques such as the finite difference method^[@CR30]--[@CR32]^, and the finite element method^[@CR33]--[@CR35]^, with the latter preferred due to its ability to tackle complex geometries, inhomogeneities, and boundary conditions. To reconstruct stiffness distributions from the forward models, indirect iterative methods are preferably used, compared to direct inversion of matrices, by updating the stiffness distribution to minimize the fit errors between the simulated model and the experimental displacement/strain results^[@CR35],[@CR36]^. In this study, we utilized an iterative finite element method to reconstruct stiffness matrices using topology optimization^[@CR36]^. With this framework, displacement or stress boundary conditions can be specified^[@CR37]^, and the stiffness distribution is iteratively updated to match the measured displacements as design objectives.

Validation studies revealed that our approach was able to reconstruct heterogeneous stiffness distributions, including a bilayer configuration of hydrogels and silicone materials, and in materials with stiff circular and soft slender inclusions. These patterns specifically mimicked different stiffness patterns that could exist in healthy and diseased tissues like articular cartilage (e.g. vertical fissures as soft inclusions when the depth or strain response under mechanical loading can be captured by MRI^[@CR13]^), and are more broadly representative of a wide range of tissues and materials exhibiting gradient and nonuniform stiffness distributions. Moreover, our validation studies revealed that inverse modeling was robust to increasing noise levels. Taken together, the hybrid combination of imaging and topology optimization represents an effective means to reconstruct unknown interior stiffness distributions of complex materials based on noninvasive imaging.

Sensitivity analysis (via Cotter's method) indicated that the noise level and the smoothing technique were the most significant factors impacting the technique error. To improve the SNR of the dualMRI system, the number of averages can be used at the cost of longer total imaging time. SNR could additionally be improved by minimizing the loading time to rapidly capture the encoded prior to signal loss, which follows an exponential *T*~1~ (\~sec) decay. To improve the smoothing technique, we filtered the noise in displacement data using LOWESS, which demonstrated better localized fitting of noise compared to Gaussian fitting^[@CR27]^, especially at material edges. Monte Carlo simulation of smoothing techniques showed a smaller bias and precision using LOWESS smoothing. Moreover, the calculated bias of 0.092 and precision of 0.066 were approximately 18% and 13.2%, respectively of the average relative stiffness (of 0.5; Fig. [2B](#Fig2){ref-type="fig"}). Considering the noise level of 0.1 mm (20% with average 0.5 mm deformation), the stiffness reconstruction method did not deteriorate the data quality. Based on this analysis, it is advantageous to set image acquisition parameters that maximize image quality (e.g. with maximum SNR) to ensure that minimal error propagates through topology optimization to influence stiffness measures.

Finite deformation elastography successfully reconstructed the bilayer pattern of stiffness in hydrogels and biomaterials. In 2D studies, the stiffness ratio between top and bottom layer were calculated to be 1:2.0 for the first case with 2% layer on top and 1:3.1 for the latter case with 4% on top. As a comparison, an unconfined compression test measured the instantaneous modulus at largest stress of 2% and 4% agarose gels to be 74.6 kPa and 173.4 kPa respectively (1:2.3 ratio), and equilibrium modulus after 30 *sec* relaxation to be 23 kPa and 112.7 kPa respectively (1:4.9 ratio)^[@CR27]^. In both stiffness bi-layer configurations, the inverse-calculated stiffness ratio was close to the bulk testing results. Specifically, the 1:2.0 ratio derived from soft top -- stiff bottom configuration was closer to the instantaneous modulus ratio of 1:2.3 than the stiff top -- soft bottom configuration. This could be due to the error of the plane stress assumption, since this was a 3D cylindrical gel fixed at the bottom but unconfined at the side. In that way, the out of plane constraints behaves differently in bottom and top and might cause the ratio of stiffness to be different in these two reversed configurations. Besides, the cylindrical indenter should align well with the gel center in ideal scenario, but any error could generate a bias for through-thickness differences. The 3D indentation case showed that with the acquisition of multiple slices of displacement data, it was possible to reconstruct the stiffness distribution without the 2D assumption. Consequently, our workflow was not constrained by complex geometries. Potentially, since topology optimization can also be utilized in contact problems, it is possible to calculate relative stiffness in multiple objects in contact, like the femur and tibia cartilage.

Topology optimization is similar to several iterative techniques that reconstruct the stiffness distribution^[@CR35],[@CR38]^ utilizing (1) a forward elasticity problem and finite element analysis, and (2) iterative updates to the stiffness distribution by minimizing the measured displacement distribution. Compared to these techniques, our topology optimization-based method is more computationally efficient and can accommodate different constitutive models including linear elasticity and hyperelasticity, as well as material anisotropies (Supplemental Fig. [2](#MOESM1){ref-type="media"}). It is also possible to model complex geometries and boundary conditions, and enable conservative or aggressive update strategies^[@CR36]^. For concerns of outliers in the displacement input data, local regression smoothing is used prior to inverse modeling. Additionally, predetermined weight factors can be added to the design objective based on the input displacement smoothness. Currently, the design objective sensitivity is filtered to help to regularize the problem and to make the algorithm mesh independent and converge faster^[@CR39]^. If direct filtering on stiffness value is desired, the weight factor on each node can be adjusted at each iteration, based on the smoothness of stiffness map.

Because our current framework utilized displacement boundary conditions, we focused on the calculation of relative stiffness. Compared to stress boundary conditions, displacement boundary conditions are independent of an initial guess, and produce superior images in terms of both spatial resolution and stiffness measurement sensitivity^[@CR37]^. Importantly, depending on the experimental measurements available, our inverse simulation method can be used to solve stress or displacement boundary conditions, or a hybrid of both. In future embodiments, inclusion of stress boundary conditions can enable calculation of absolute stiffness through the material interior. Additionally, it is important to note that finite element analysis software was used here largely because of its strong nonlinear capability and wide applications in biomechanics field^[@CR36]^. However, topology optimization is not restricted to any specific software.

In our porcine and sheep joint loading experiments, stiffness distributions were reconstructed for cartilage within the articular joint space *in situ*. Due to the long scanning time (\~30 *min* for each slice for these data), only a single slice was acquired using dualMRI. Additionally, repeated loading of the cartilage surface was advantageous in our case as it led to collagen fiber compaction and reorientation representing the material response to physiologically-relevant loading, and a stiffer superficial layer^[@CR40]^. Cyclic loading before imaging (i.e., preconditioning), and during imaging, likely led to lateral tissue deformation and fluid flow, particularly in the superficial zone, further exasperating collagen densification after cyclic loading^[@CR41]^. The loading and flow resulted in compaction as a temporary change, similar to what may be expected during a walking cycle, which would be restored by Donnan equilibrium after cyclic loading is ended. Our observations of a stiffer superficial layer, and assumptions of fiber compaction and water loss, were supported by decreased *T*~2~ magnitudes in the superficial layer after loading^[@CR42]--[@CR44]^. Additionally, while cyclic loading was acquired over a long total experimental time, the loading rate within any cycle was considered rapid (0.3 sec to reach one-times body weight), and a nearly incompressible behavior was assumed. Importantly, the compressibility assumption in our workflow relates to potential errors in estimates for mechanical parameters (Supplemental Fig. [2](#MOESM1){ref-type="media"}), which indicates that for a broad range of (e.g. quasi-static) loading conditions, the assumption of incompressibility requires further study.

Our *finite deformation elastography* workflow, which was based on dualMRI and topology optimization, enabled the measurement of stiffness within musculoskeletal tissues and biomaterials. Compared to traditional MRE, which excites and images shear wave maps to calculate shear stiffness, our elasticity reconstruction technique does not depend on shear waves, and thus is capable of measurements in stiff structures or tissues with complex interfaces, including bony articulating joints of the body. Sensitivity analysis indicated that MRI acquisition, and not topology optimization, parameters dominate the error in the workflow, and suggest that improvements in MRI SNR should remain as a primary goal when setting experimental parameters to have the greatest potential to improve stiffness measures. Moreover, Monte Carlo simulations were utilized to evaluate the bias and precision of the stiffness reconstruction, which was measured to be no larger than the input displacement measurements. We also extended this technique to three dimensions, showing that our approach was not constrained by plane stress/strain assumptions or complex geometries. We additionally tested the elastography approach on sheep and porcine joint articular cartilage *in situ*, reconstructed stiffness maps in cartilage at the submillimeter scale, and found that the superficial layer only was densified after cyclic loading and during image acquisition. We envision that our technique can be potentially be used to analyze cartilage softening observed in osteoarthritis or damage, similar to data presented on stiffness inclusions, or provide a unique imaging biomarker for tissue repair. In order to reach the goal of *in vivo*, first-in-human elastography measurements, improvements to reduce the imaging acquisition time (e.g. through rapid MR acquisition) and additional *in situ* studies on the effects of preconditioning of healthy and degraded tissue are required. Additionally, finite deformation elastography can be extended to other load-bearing and stiff biomaterials of the musculoskeletal system, including intervertebral disc and ligament.

Methods {#Sec7}
=======

Finite deformation elastography is based on dualMRI to measure displacements during cyclic loading and topology optimization to calculate internal patterns of stiffness. To develop and validate our workflow, we evaluated how displacement maps determined by experiment or simulation, with predefined stiffness distributions, were used with topology optimization to reconstruct stiffness values. We further evaluated how the sensitivity of a broad space of independent variables (e.g. levels of random noise) influenced method robustness, and to understand how error propagates through the calculation workflow. Using finite deformation elastography, we measured stiffness in unique hydrogel and material model systems in two and three dimensions, and for the first time in cartilage *in situ*, deep within the bony contacting interface of porcine and sheep joints.

Finite deformation elastography workflow {#Sec8}
----------------------------------------

### Imaging high-magnitude displacements at low frequency {#Sec9}

Using dualMRI, (Fig. [1B](#Fig1){ref-type="fig"}), samples were cyclically loaded at high (e.g. \~0.1--10 mm displacement; up to 1--2 times body weight) magnitude and low (e.g. \~0.1--1.0 Hz) frequency. To acquire displacements and visualize internal sample motion, we used an MRI pulse sequence that incorporated displacement encoding with a stimulated echo (DENSE) imaging^[@CR39]^. The DENSE sequence sensitized the phase data Δφ to changes in displacement, Δx, according to:$$\documentclass[12pt]{minimal}
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                \begin{document}$${G{\prime} }_{{\rm{de}}}$$\end{document}$ is the gradient magnitude for a reference image used to eliminate other phase contributions common to both images^[@CR25],[@CR45]^. The whole displacement measurement included phase mapping, phase unwrapping to calculate raw displacement, and displacement smoothing as described previously (Fig. [1C](#Fig1){ref-type="fig"}, Supplemental Fig. [1](#MOESM1){ref-type="media"})^[@CR27]^.

### Reconstruction of stiffness distributions {#Sec10}

To inversely calculate the stiffness map from displacements, we utilized topology optimization (Fig. [1D](#Fig1){ref-type="fig"}). Traditionally, topology optimization is a non-parametric optimization method to design stiff, durable and light-weight structures^[@CR25]^. Here, displacement boundary conditions were used, which can be readily adapted to alternatively include stress boundary conditions^[@CR37]^. Compared to the previous iterative FE methods which use Newton-Raphson or Gauss-Newton methods^[@CR39]^, topology optimization uses the method of moving asymptotes, which convert each single iteration into a subproblem with separable and convex approximations^[@CR46]--[@CR48]^. This method generally reduced the computational effort and made it possible to deal with models that included a large number of design variables, defined here as element stiffness, and additionally with constraints such as stiffness limits and smoothness^[@CR35]^. Topology optimization was also not constrained by the constitutive laws of different materials, and can be applied with linear elastic, hyperelastic, and anisotropic materials^[@CR37]^, and also in problems where with nonlinearities in geometry, material behavior, or contact.

In our elastography workflow, instead of maximizing the structure stiffness, as is used in traditional applications, we minimized the maximum value of the absolute difference between the measured material deformation and the deformation of a base model at nodes indicated as *P*~*i*~^[@CR37]^:$$\documentclass[12pt]{minimal}
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Instead of penalizing the density results to reach a 0 (void) to 1 (solid) range, we set the $\documentclass[12pt]{minimal}
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                \begin{document}$$p=1$$\end{document}$ to make the stiffness of the constitutive material modeling linearly related with the density in element *k*. In this study, if not specified, a linear elastic model with Poisson's ratio 0.49 was used. Because we utilized a displacement boundary simulation, a random Young's modulus 500 was chosen. For element types, CPS8 was used for 2D meshes, and tetrahedral element C3D4 and brick element C3D8 were used for 3D meshes. A mesh density of 0.6 mm was usually chosen to demonstrate the stiffness heterogeneity and at the same time to keep the computational cost low.

Following determination of displacements, 2D and 3D models were established using the location of each pixel in the model or sample (MATLAB), and Delaunay triangulations were created to connect each pixel. The boundaries of the model were automatically identified with positive area or volume triangulation, and with a dimension not shorter than 0.5 *mm*. In our finite element models, displacements in all coordinates were predefined at all pixels at boundaries.

Error analysis and sensitivity {#Sec11}
------------------------------

Error analysis and sensitivity studies were performed to validate finite deformation elastography. We first validated our workflow in two dimensions, with ideal displacements that were derived from forward modeling in finite element software. A rectangular model of side length 6 by 6 *mm* was created (Fig. [2A](#Fig2){ref-type="fig"}) with a bilayer stiffness structure defined by a top and bottom stiffness of E = 1000 *Pa* and 500 *Pa*, respectively. The element size matched the dualMRI spatial resolution (i.e., 150 *μm*). Considering the rapid (0.3 *sec*) loading ramp and the large water content of the real cartilage, fluid permeation is very minimal by Darcy's law^[@CR25]^ and nearly incompressible behavior (Poisson's ratio = 0.49) was assumed^[@CR27]^. With the bottom edge of the model fully constrained, the top edge was indented to 15% of the thickness, and displacements were calculated, with linear elasticity and plane stress assumptions. To analyze the robustness of the algorithm against noise, different levels of noise were applied and the average stiffness of two layers were calculated (Fig. [2B](#Fig2){ref-type="fig"}).

We ranked the model input parameters based on their influence on the model output using a sensitivity analysis (Cotter's method)^[@CR49]^. A two-level, factorial design was used with all parameters set either at an extreme high or low level. We considered the following parameters: noise level in the raw input data, smoothing technique applied, and FE modeling parameters such as linear/hyperelastic (i.e., linear elastic, Neo-Hookean, or Mooney-Rivlin) constitutive laws, Poisson's ratio, 2D assumption, and optimization values. In this analysis, Gaussian smoothing and LOcally WEighted Scatterplot Smoothing (LOWESS) were compared and the analysis provided a ranking for each factor by its impact to the final output.

To analyze the stiffness error (defined by precision and bias) of the whole elastography procedure, we applied Monte Carlo simulations. The pixel number, model dimensions, and data noise (standard deviation = 0.1 *mm*), were determined from displacement-encoded MRI data^[@CR27]^. Within each iteration of the Monte Carlo simulation, experimental level Gaussian random noise (standard deviation = 0.1 *mm*) was added directly to the ideal displacement not only the internal pixels but also pixels at boundaries. By repeating the random noise generation and inverse simulation for 100 times^[@CR50]^, different stiffness maps were reconstructed. Precision was defined as the pooled standard deviation of respective stiffness from all elements between the reconstructed map and the distribution from the ideal model. Bias was calculated by determining the root mean square error of the stiffness value.

We further validated our ability to reconstruct stiffness maps in model systems representative of variation expected in biological samples. Using a 2D model, similar to (Fig. [2A](#Fig2){ref-type="fig"}) with a homogeneous stiffness (500 Pa), we added stiff (1000 and 1500 Pa) inclusions representative of tissue heterogeneity during disease or degeneration (Fig. [2D](#Fig2){ref-type="fig"}). In a separate model, we additionally added a soft (200 Pa) inclusion, similar to a tissue fissure, on a background of a gradient increasing stiffness (to 1000 Pa) (Fig. [2D](#Fig2){ref-type="fig"}). Finally, we simulated a cylindrical model to reconstruct a 3D stiffness map (Fig. [2E](#Fig2){ref-type="fig"}).

Stiffness reconstruction of bilayered gel materials {#Sec12}
---------------------------------------------------

To validate finite deformation elastography in complex engineered materials, we prepared multiple bilayer models with defined stiffness values in top and bottom layers. In a hydrogel model system^[@CR51]^, 2% (softer) and 4% (stiffer) w/v agarose was mixed in PBS and cured to create uniform and layered constructs with a 6 *mm* total height, and 10 *mm* diameter cylindrical implants. There were two gels made to test the stiffness reconstruction accuracy: one gel had 2% agarose (soft) on the top with 2/3 thickness and the second gel was created with 4% agarose (stiff) on the top with 1/3 thickness. In a separate silicone model system, polydimethylsiloxane (PDMS) (Dow Corning, Midland, MI)^[@CR38]^ was used to create a bilayer gel with a 1:2 mix ratio (Sylgard 527) in the top (soft) layer, and a 1:50 mix ratio (Sylgard 184) in the bottom (stiff) layer. These materials allowed us to establish baseline deformation and noise levels commonly observed in small materials or explanted tissues^[@CR52]^ (Fig. [3A](#Fig3){ref-type="fig"}).

Finite displacements were determined using dualMRI^[@CR10]^ under cyclic compressive loading with a DENSE-FISP imaging sequence at 0.33 *Hz* frequency, and with a spatial resolution of 0.10 × 0.10 *mm*^2^ (agarose) or 0.15 × 0.15 *mm*^2^ (silicone). For hydrogel samples, the target load was set to be 0.67 *N* and the gel reached indentation of 6% (configuration: 2% agarose on the top) and 4.6% (configuration: 4% agarose on the top) of the sample depth. As a two-dimensional case, plane stress was assumed for agarose gel and displacement data from the middle section was extracted. For silicone samples, to address the potential bias of the 2D assumption mentioned in the sensitivity analysis, inverse modeling was tested in three dimensions. To test the algorithm on experimental data, we applied 0.33 *Hz* frequency load to reach 15% indentation and collected the *xyz* displacement data from 13 consecutive slices (Supplemental Fig. [4](#MOESM1){ref-type="media"}). As a 3D linear elastic model, tetrahedral element C3D4 and brick element C3D8 were used. Since the hydrogel and PDMS materials were considered to be incompressible^[@CR53],[@CR54]^, a Poisson's ratio 0.49 was used. Prior to topology optimization, displacements were smoothed using LOWESS in MATLAB (Supplemental Fig. [1](#MOESM1){ref-type="media"})^[@CR27]^. For smoothing by LOWESS, least absolute residuals were utilized to make the process resistant to outliers due to the noise. The window size for calculating local weight was set to be 150 pixels for consistency among different regions of interest. Finally, we compared different material models, using displacement data from a homogeneous PDMS gel (Supplemental Fig. [2](#MOESM1){ref-type="media"}) and linear elastic, Neo-Hookean, or Mooney-Rivlin constitutive models.

Elastography in articular cartilage within intact tibiofemoral joints {#Sec13}
---------------------------------------------------------------------

To demonstrate finite deformation elastography in a challenging biological system, we measured stiffness in the articular cartilage of intact tibiofemoral joints. dualMRI data describing internal displacements of cartilage juvenile porcine joints^[@CR38]^ and sheep joints^[@CR55]^ were utilized from previous studies. Both data sets were acquired after preconditioning and during cyclic loading at a spatial resolution of 0.25 × 0.25 *mm*^2^, with displacements resulting from 0.2 *Hz* frequency loading at one-times body weight (78 *N* for a 2-month old porcine and 445 *N* for an adult sheep). We note that the loading frequency was tuned for ramp loading (i.e., ramp to load, ramp to unload), which resulted in a steady-state response^[@CR56]^. As explained previously, the material was modeled as nearly incompressible material with Poisson's ratio 0.49, considering the time duration needed to reach (i.e., ramp to) one-times body weight in each loading cycle was only 0.3 sec. Additionally, because we observed a counterintuitive stiffening of the cartilage in the superficial zone (described subsequently), we also acquired an independent measurement of matrix structure using MRI *T*~2~ relaxometry mapping. *T*~2~ was determined at each volumetric region using monoexponential fitting of data from a multi-echo sequence with parameters: TE/TR = 10.04/4000 *ms*, number of averages = 1, rare factor = 2, echo spacing = 20.08 *ms*.

Statistics {#Sec14}
----------

One-way Analysis of Variance (ANOVA), followed by post hoc Tukey's test was used to determine statistically significant differences between the groups. The coefficient of regression (*R*^2^) was calculated using linear regression.
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